Abstract-This paper presents a fuzzy controller, which involves a fuzzy combination of local fuzzy and global switching state-feedback controllers, for nonlinear systems subject to parameter uncertainties with known bounds. The nonlinear system is represented by a fuzzy combined Takagi-Sugeno-Kang model, which is a fuzzy combination of the global and local fuzzy plant models. By combining the local fuzzy and global switching state-feedback controllers using fuzzy logic techniques, the advantages of both controllers can be retained and the undesirable chattering effect introduced by the global switching state-feedback controller can be eliminated. The steady-state error introduced by the global switching state-feedback controller when a saturation function is used can also be removed. Stability conditions, which are related to the system matrices of the local and global closed-loop systems, are derived to guarantee the closed-loop system stability. An application example will be given to demonstrate the merits of the proposed approach.
I. INTRODUCTION
T HE LYAPUNOV approach is the most common approach to investigate the stability of fuzzy control systems based on the Takagi-Sugeno-Kang (TSK) fuzzy plant models [1] , [2] . In [3] , the fuzzy control system, which is a weighted sum of some linear systems, is guaranteed to be stable if a common solution to some Lyapunov equations exists. Less conservative stability conditions [4] - [8] were derived under the requirement that the rules of the fuzzy controller share the same premises as those of the fuzzy plant model. This requirement implies that the nonlinear system must be known. To deal with parameter uncertainties, a fuzzy plant model subject to parameter uncertainties can be used. Stability conditions for this class of plant models were derived [9] , [10] .
Switching fuzzy systems and hierarchical fuzzy systems (HFSs) had been investigated. Switching controllers [11] - [13] designed based on fuzzy plant models were also reported. In [12] , [13] , a switching fuzzy plant model was employed to describe the dynamic behaviors of a nonlinear plant. A switching fuzzy controller was then designed based on this switching model. Owing to the switching elements, an undesirable chattering effect occurs in the control signal. Although the chattering effect can be alleviated by adding the switching function with a saturation function, a steady-state error will be introduced in the system states. In all the above mentioned fuzzy systems, the number of the rules will increase exponentially with the number of input variables. To alleviate this problem, an HFS [14] was proposed. The number of rules of the HFS is a linear function of the input variables. However, when we consider the same degree of model accuracy, we cannot conclude that the number of rules of the HFS must be smaller than that of the TSK fuzzy plant model. Furthermore, there is not a systematic way to represent a nonlinear system as an HFS, and the form of the HFS is not favorable for doing stability analysis. Consequently, the hierarchical fuzzy approach is usually used to construct the controller only [15] , [16] . In some published work, fuzzy logic has been combined with traditional sliding-mode controllers to merge their advantages together. In [17] , a fuzzy sliding-mode controller used the sliding-surface function as the single input of the fuzzy system, and the number of fuzzy rules can be greatly reduced. In [18] , [19] , a fuzzy system was employed to estimate the values of the gains of the sliding-mode controller. Adaptive laws were derived to update the rules of the fuzzy systems. As the switching function of the sliding-mode controller is approximated by a continuous function, the chattering effect can be alleviated. In [20] , an adaptive fuzzy controller was proposed to generate the control signals by estimating the values of the unknown parameters of the system. Based on these estimated parameter values, tracking control can be achieved by using the sliding-mode control. However, in these approaches, the way to determine the fuzzy rules is still an open question. Furthermore, the approximation error of the fuzzy systems will introduce steady-state errors to the system states or even cause the system to become unstable. In [21] , switching elements were still used in the controller for compensating the approximation error of the fuzzy system.
In this paper, a fuzzy combined TSK model, which is a fuzzy combination of the global and local fuzzy plant models, is proposed to represent a nonlinear system subject to parameter uncertainties. The global fuzzy plant model is valid to model the full operating domain of the nonlinear plant while the local fuzzy plant model is only valid to model a small domain of the nonlinear plant near the origin of the state space. A rule base with two fuzzy rules will be employed to combine the local and global fuzzy plant models to form the fuzzy combined TSK model. In [11] and [12] , the authors have proposed a global switching state-feedback controller which is able to stabilize the nonlinear plant. However, the switching elements will introduce an undesired chattering effect to the system. In order to alleviate the chattering effect, a local fuzzy state-feedback controller which is able to offer smooth control signals to the nonlinear plant is proposed. However, the local fuzzy controller is only capable of stabilizing the nonlinear system operating in a small domain. Based on the fuzzy combined TSK plant model, a fuzzy combined state-feedback controller that integrates the advantages of a global switching control and a local fuzzy control is proposed in this paper. Stability conditions and switching laws will be derived based on the Lyapunov approach. The derived stability conditions are related to the system parameters of either the local or the global closed-loop systems, but not both in a single expression. Hence, the local fuzzy and global switching state-feedback controllers can be designed separately. By properly designing the membership functions of the fuzzy combined TSK model and the controller, the chattering effect can be removed when the system states are inside the valid operating domain of the local fuzzy plant model. In order to alleviate the chattering effect in the transient period, a saturation function is employed to replace the switching function of the global switching state-feedback controller. Thanks to the favorable property of the fuzzy combined controller, the steady-state error introduced by the saturation function can be eliminated. This paper is organized as follows. In Section II, the fuzzy combined TSK model and the fuzzy combined state-feedback controller will be presented. In Section III, stability analysis will be carried out to investigate the stability of the closed-loop system formed by the fuzzy combined TSK model and the fuzzy combined state-feedback controller. In Section IV, an application example will be given. A conclusion will be drawn in Section V.
II. FUZZY COMBINED TSK MODEL AND FUZZY COMBINED STATE-FEEDBACK CONTROLLER
The details of the fuzzy combined TSK model and fuzzy combined state-feedback controller will be presented in the following sections.
A. Fuzzy Plant Model
The global fuzzy plant model is used to describe the dynamic behavior of the nonlinear plant in its full operating domain. On the other hand, the local fuzzy plant model is to describe the dynamic behavior of the nonlinear plant in a small operating domain around the origin of the state space.
1) Global Fuzzy Plant Model:
Let be the number of fuzzy rules describing the nonlinear plant, the th rule is of the following format: (1) where is a fuzzy term of rule corresponding to the function containing the parameter uncertainties of the nonlinear plant, ; ; is a positive integer; and are known constant system and input matrices respectively; is the system state vector and is the input vector. The global fuzzy plant model models the dynamic behavior of the nonlinear plant in its full operating domain, e.g. , . The inferred system is given by
We have that (4), shown at the bottom of the page, is a nonlinear function of . is the membership function corresponding to . If is related to the parameter uncertainties of the nonlinear plant, the value of is unknown.
2) Local Fuzzy Plant Model:
The small operating domain of the local fuzzy plant model around the origin is characterized by , . The local fuzzy plant model is only valid inside this operating domain. To differentiate the differences, a " " at the top of the variables is used to denote the variables of the local fuzzy plant model. The rules of the local fuzzy plant model has the following form:
The inferred local system is given by (6) where , , and where we have the equation shown at the bottom of the next page. (4) 3) Fuzzy Combined TSK Model: The proposed fuzzy combined TSK model, which is a fuzzy combination of the global and local fuzzy plant models, has two rules in the following format:
where rule 1 is for the local fuzzy plant model and rule 2 is for the global fuzzy plant model. ZE (zero) and NZ (nonzero) are the fuzzy terms. The function is defined as (9) where and denote the minimum and the maximum values of the input arguments, respectively. implies that the system is operating inside the small domain characterized by for all ; otherwise, it is outside the small domain. The inferred plant model is given by (10) where (11) and ; and are the membership functions corresponding to the fuzzy terms ZE and NZ, respectively. The membership function corresponding to ZE will be designed to cover the region of , while the membership function of NZ will cover the region of . It should be noted that (10) is equivalent to (2) for any values of and . The fuzzy combined TSK model has the property that for both values of and not equal to zero, the local fuzzy plant model is equivalent to the global fuzzy plant model, i.e., (12) The proof of the property of (12) is given in Appendix A.
B. Fuzzy Controller 1) Local Fuzzy State-Feedback Controller:
The th rule of the local fuzzy state-feedback controller is of the following format: (13) where is a fuzzy term of rule corresponding to the function , ;
; is a positive integer;
is the feedback gain of rule to be designed. The inferred output of the fuzzy controller is given by (14) (15) We have that (16) , shown at the bottom of the page, is a nonlinear function of , and is the membership function corresponding to to be designed.
2) Global Switching State-Feedback Controller:
The global switching state-feedback controller is defined as follows: (17) (16) where , are the feedback gains; takes the value of or according to a switching scheme to be derived later, and .
3) Fuzzy Combined State-Feedback Controller:
The proposed fuzzy combined state-feedback controller as shown in Fig. 1 has two rules in the following format:
where rule 1 is for the local fuzzy state-feedback controller and rule 2 is for the global switching state-feedback controller. The inferred output of the fuzzy combined state-feedback controller is given by (20) The contribution of each controller to the nonlinear plant is determined by the values of and . The local fuzzy state-feedback controller will become dominant over the global switching state-feedback controller when the system state is inside the operating domain near the origin (i.e.
. Inside this domain, the chattering effect introduced by the global switching state-feedback controller will decrease and then vanish when .
III. STABILITY ANALYSIS
In this section, the system stability of the closed-loop system will be investigated. In the following, , , ,
, and are written as , , , and , respectively, for simplicity. From (10) and (20), and with the property of , the closed-loop system can be written as (21) It should be noted that the second and the third terms of (21) vanish for either or . For both and and from the property of (12), we have It is assumed that (25) where is a constant matrix. In this paper, is a bounded, unknown (because is unknown), nonzero, and single-signed scalar but with a known form. As is in terms of the system states and parameters, the bounds and sign of , i.e., can be estimated. Based on the form and parameter information of , its minimum and the maximum values can be found analytically. However, when is a complicated function, some optimization methods such as genetic algorithm [9] can be employed to help find the boundary values of . It should be noted that because is required, is assumed. From (24) and (25) where is a nonzero positive scalar to be designed. As is a single-signed scalar, is not a switching signal. The saturation function may introduce steady-state error to the system states. The magnitude of the steady-state-error is affected by the value of . During the design, the value of should be designed such that the system states can be driven into the valid modeling domain of the local fuzzy plant model. Once the system states are inside the valid modeling domain of the local fuzzy plant model, the fuzzy state-feedback controller will gradually replace the global switching state-feedback controller. As a result, the chattering effect and the steady-state error will be eliminated eventually when the fuzzy state-feedback controller completely dominates the control process. The analysis results are summarized into the following Lemma.
Lemma 1: The closed-loop system of (21) formed by the fuzzy combined TSK model of (10) and the fuzzy combined state-feedback controller of (20) is guaranteed to be asymptotically stable if the following conditions are satisfied. i) , ; . ii) , . iii) , where and . To alleviate the chattering effect in the transient period, the switching law with a saturation function shown as follows can be employed:
iv)
For the fuzzy combined TSK model and the fuzzy combined state-feedback controller, the membership function corresponding to ZE is designed to cover the region of , while that of NZ will cover the region that , with as defined in (9) . The design procedure of the fuzzy combined state-feedback controller can be summarized into the following steps.
Step I) Obtain the local and global fuzzy plant models of the nonlinear plant by means of the method shown in [10] or other fuzzy modeling methods [1] , [2] .
Step II) Determine the membership functions and of the fuzzy combined TSK model of (10) according to the condition iv) of Lemma 1.
Step III) Determine the number of rules, membership functions and feedback gains of the local fuzzy statefeedback controller of (14).
Step IV) Determine the feedback gains of the global switching state-feedback controller of (17) . Design as given in condition iii) of Lemma 1 and determine the value of .
Step V) Combine the local fuzzy and global switching state-feedback controllers using the membership function of the fuzzy combined TSK model determined in Step II to form the fuzzy combined state-feedback controller.
Step VI) Find the solution to the conditions i) and ii) of Lemma 1 to guarantee the stability of the closed-loop system. The solution can be solved using some linear matrix inequality (LMI) software tool.
Step VII) This step applies to the fuzzy combined state-feedback controller using saturation function. Determine the value of such that the weighted global switching state-feedback controller using the saturation function, i.e.
, is able to drive the system states inside the valid modeling domain of the local fuzzy plant model. Apply this value of to the fuzzy combined state-feedback controller with the saturation function.
IV. APPLICATION EXAMPLE
An application example on stabilizing a cart-pole typed inverted pendulum [11] subject to parameter uncertainties is given in this section.
Step I) The dynamics of the inverted pendulum is given by (38) where is the angular displacement of the pendulum, is the acceleration due to gravity, is the mass of the pendulum, is the mass of the cart, , is the length of the pendulum, and is the force applied to the cart. Based on the methodology shown in [10] , the global and local fuzzy plant models of the nonlinear plant of (38) can be obtained.
To obtain the global fuzzy plant model, the nonlinear plant of (38) can be represented by the following fuzzy rules:
The system dynamical behavior is described by (40) where , and ;
for , 3 and for , 4. Step II)
The fuzzy combined TSK model having the following two rules are employed to model the nonlinear plant of (38):
The function is defined as
The inferred system is given by (46)
The membership functions corresponding to ZE and NZ are designed as shown in Fig. 2 .
Step III) A four-rule local fuzzy state-feedback controller is designed based on the local fuzzy plant model. The rule is of the following format:
(47) Step IV) The following global switching state-feedback controller is designed based on the global fuzzy plant model
The switching law is defined as
where , which is obtained by genetic algorithm [9] ; The feedback gains are chosen as and such that the eigenvalues of , , 2, 3, and 4 are equal to 2 and 2. Step V)
The fuzzy combined state-feedback controller with the following two rules is designed based on the fuzzy combined TSK model:
The inferred output of the fuzzy combined statefeedback controller is defined as
Step VI) The LMI toolbox of the Matlab software can be employed to find the solution to the stability conditions i) and ii) of Lemma 1. It is found that when , the conditions i) and ii) of Lemma 1 are satisfied. Hence, the stability of the closed-loop system is guaranteed.
Step VII) The fuzzy combined state-feedback controller of (53) is employed to control the uncertain nonlinear system of (38). Fig. 3 shows the system responses with the fuzzy combined state-feedback controller using the switching function of (50) under the initial state conditions of , , and for and . Fig. 4 shows the corresponding control signal for . To test the robustness property of the fuzzy combined state-feedback controller, we set and . Fig. 5 shows the system responses with the fuzzy combined state-feedback controller using the switching function under different initial state conditions for and . Fig. 6 shows the corresponding control signal for . It can be seen from these figures that the nonlinear system subject to parameter uncertainties can be stabilized successfully. The chattering effect vanishes when the system states are near the origin. To alleviate the chattering effect in the transient state, a saturation function is employed to replace the switching function in the switching law of (50). As a result, the switching law using the saturation function with is defined as
Figs. 7 and 8 show the system responses and control signals with the fuzzy combined state-feedback controller using the saturation function for and , and and , respectively, under different initial state conditions. It can be seen from these figures that the chattering effect is significantly reduced and no steady-state error is found. For comparison, a published fuzzy controller [3] , [4] having the following rules is employed to handle the nonlinear plant based on the global fuzzy plant model: (55) where is the feedback gain. The fuzzy controller is defined as (56) where . The membership functions are defined as for , 2; for , 4; for , 3 and for , 4. By applying the parallel-distribution compensation (PDC) design approach proposed in [4] , and designing the feedback gains under the same design criterion as that of the global switching state-feedback controller, i.e., the eigenvalues of are both assigned to be 2 for all , we have , , and . From [3] , [4] , the system is guaranteed to be stable if there exists a common solution to the following LMIs:
where . It can be shown that cannot be found by using of the MATLAB LMI toolbox. Fig. 9 shows the system responses with the published fuzzy controller for and under different initial state conditions. Referring to this figure, it can be seen that the system cannot be stabilized by the fuzzy controller of (56). Furthermore, it can be shown that some relaxed stability conditions [4] , [5] , [8] are not applicable in this example because of the constraint that the fuzzy controller shares the same premises of the rules of the fuzzy plant model is not satisfied. In this example, the membership functions of the global fuzzy plant model are subject to parameter uncertainties. Hence, the membership functions of the fuzzy plant model cannot be used to design the fuzzy controller [4] , [5] , [8] , which requires the grades of membership to be known. Referring to [11] , it has been shown that the linear state-feedback controller designed based on the linearized model of the nonlinear plant is not able to stabilize the inverted pendulum. The simulation results of the closed-loop system with only the global switching state-feedback controller can also be found in [11] and [12] . By comparing the results in [11] and [12] , the effectiveness of the proposed fuzzy combined controller can be seen. In [11] and [12] , the chattering effect in the transient period is very significant, which still appears near the origin. The chattering effect of the proposed approach during the transient period is now significantly reduced, and is eliminated when the system states are near the origin.
V. CONCLUSION
A fuzzy combined TSK model has been proposed to model the nonlinear plants subject to parameter uncertainties. Based on this fuzzy combined TSK model, a fuzzy combined state-feedback controller has been designed. The stability conditions and the switching law have been derived. Thanks to the properties of the proposed fuzzy combined TSK model and fuzzy combined state-feedback controller, the stability conditions are in terms of the closed-loop system matrices of the local and global closedloop systems only. As the nonlinearity of the local fuzzy plant model is less complex than that of the global fuzzy plant model, a stable local fuzzy state-feedback controller is easier to be obtained. Furthermore, the chattering effect and the steady-state error introduced by the global switching state-feedback controller will gradually vanish when the system states are inside the valid modeling domain of the local fuzzy plant model. An application example has been given to illustrate the design procedure and the merits of the proposed approach. APPENDIX A From (2), the dynamics of a class of nonlinear systems can be represented by a global fuzzy plant model defined as follows:
The procedure to obtain the fuzzy plant model is detailed in [10] . In [13] , it has been shown that the dynamics of the same class of nonlinear systems can also be represented by a union of local fuzzy plant models (the local fuzzy plant models can be obtained by the procedure in [10] ). The operating domain of each local fuzzy plant models can be freely designed such that the union of the operating domains is the same as that of the nonlinear system. The fuzzy plant model in [13] is defined as follows:
(A2) where and denote the constant system and input matrices of the -th rule of the -th local fuzzy plant model; takes the value of 1 or 0. It takes the value of 1 when the system states are inside the operating domain of the -th local fuzzy plant model characterized by the function of ; otherwise, it takes the value of zero. It should be noted that there is only one equal to 1, all others are equal to zero, at any instant. As the dynamics of the same nonlinear system can be represented by (A1) or (A2), (A1) and (A2) are equivalent. Let the local fuzzy plant model of (A2) with be designed as the local fuzzy plant model of (6) which is restated as follows: It should be noted that the operating domain of (A3) covers the region near the origin while those of other local fuzzy plant models of (A4), for , cover the rest of the operating domain of the nonlinear systems. Based on the fact that (A1), (A2), and (A4) are equivalent, we have (A5) From (A5), and considering that the system is operating inside the operating domain near the origin, i.e. for , it can be seen that (A6) Consider (10), which is restated as follows:
where is a value to indicate if the system states are working inside the operating domain near the origin.
indicates that the system states are inside the operating domain of the local fuzzy model of (A3); otherwise, indicates that the local fuzzy model is invalid. Based on this fact, and from (A6) and (A7), it can be seen that (A6) holds when , and . (A6) holds as a special case that both and . Consequently, the property of (12) is proven.
